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Abstract
A consistent N = 1 supersymmetric σ-model can be constructed, given a Ka¨hler mani-
fold, by adding chiral matter multiplets. Their scalar components are covariant tensors
on the underlying Ka¨hler manifold. The Ka¨hler U(1)-charges can be adjusted such that
the anomalies cancel, using the holomorphic functions in which the Ka¨hler potential
transforms. The arbitrariness of the U(1)-charges of matter multiplets is related to
their Weyl-weights in superconformal gravity, before it is reduced to supergravity. The
covariance of the Ka¨hler potential forces the superpotential to be covariant as well.
This relates the cut-off, the Planck scale and the matter charges to each other. A non-
vanishing VEV of the covariant superpotential breaks the Ka¨hler U(1) spontaneously.
If this VEV vanishes, the gravitino is massless and depending on the above mentioned
parameters there may be additional internal symmetry breaking. The separation of
the different representations of chiral multiplets can be achieved by covariantizations
of derivatives and fermions. Using non-holomorphic transformations, the full Ka¨hler
metric can be block-diagonalized and the necessary covariantizations come out natu-
rally. Various aspects are illustrated by applying them to Grassmannian coset models.
As an example the coset SU(5)/SU(2) × U(1) × SU(3) with the field content of the
standard model is constructed. Phenomenological aspects of this model are analyzed.
1 Introduction
Like gravity, non-linear σ-models in four dimensions are not renormalizable. They
involve a natural scale Λ above which new dynamics or new physical degrees of
freedom can come into play. The existence of such a scale requires the intro-
duction of a parameter f ∝ Λ−1 of inverse mass dimension. Below this scale
the σ-models are useful as effective field theories, for example to describe the
low-energy dynamics of bound states in strongly interacting gauge theories like
QCD. Effective field theories also arise in the low-energy description of quantum
string theory, in which case the string scale sets the limit of applicability. This
scale is connected with the Planck scale, as classical gravity described in a general
relativistic formulation is part of the effective long-distance physics which comes
out of string theory.
Because realistic string theories require supersymmetry for their consistency,
the most obvious candidates for effective low-energy theories arising from string
models are four-dimensional N = 1 supergravity theories, subject to phenomeno-
logical constraints as well. These theories describe gravity and the other in-
teractions in the context of a locally supersymmetric field theory, which is not
renormalizable but well-behaved below the Planck scale. With well-behaved we
mean, that by taking into account the presence of a cut-off, these theories give un-
ambiguous and consistent answers to questions related to phenomena at distance
scales large compared to the cut-off. In particular one requires the proper incor-
poration of symmetries and the absence of anomalies in local gauge-invariances
like those of the electro-weak or grand-unified interactions.
For such reasons it is important to be able to construct the most general
locally supersymmetric field theories including local chiral and non-chiral gauge-
interactions free of anomalies at the quantum level. In this paper we address this
question within the context of conventional representations of N = 1 supersym-
metry, which besides the supergravity multiplet include complex chiral and real
vector multiplets.
The complex scalars of the chiral-multiplet sector of anN = 1 supersymmetric
theory parameterize a Ka¨hler manifold. In particular, the low-energy lagrangean
of this sector is determined by a single real function of the chiral superfields ΣA,
the Ka¨hler potential K(Σ¯,Σ), from which objects like the metric and curvature of
the manifold can be computed. Interesting examples of Ka¨hler manifolds include
cosets of the Grassmannian type [1, 2, 3, 4], and those based on exceptional groups
like E6/SO(10)×U(1), E7/SU(5)×SU(3)×U(1) or E8/SO(10)×SU(3)×U(1)
[5, 6, 7, 8, 9].
The pureN = 1 supersymmetric σ-models can be extended in several ways: by
adding superpotentials, by gauging some or all of the isometries and by adding ad-
ditional matter superfields in appropriate representations of the isometry group.
For model-building purposes it is necessary to analyze what kind of low-energy
physics then emerges from these models and their various extensions. This is
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a highly non-trivial question, as supersymmetry requires the inclusion of many
rather special scalar potential terms and Yukawa couplings for its consistency.
The patterns of internal and supersymmetry breaking, and of boson and fermion
masses emerging from these models can become quite intricate.
Further constraints come from requiring the light particles in the model to
have assigned charges and other quantum numbers to them, consistent with
standard-model phenomenology, and to be free of chiral anomalies in the σ-model
or gauge interactions. This has been the subject of various earlier investigations
[10, 11, 12, 13, 14]. In these studies it was concluded that many models based on
mathematically interesting coset spaces like the symmetric spaces, appear to suf-
fer from problems in these respects. However, in a recent paper [16] we showed
that the U(1) charge assignments of the chiral superfields allow more freedom
then was previously thought. As a result anomaly cancellation can be realized in
phenomenologically interesting ways by combining appropriate representations
of isometry groups, even in models based on these coset spaces. It is then of
clear importance to study which consistent effective supergravity models can be
constructed incorporating these ideas.
The present paper is a step in this direction. Building on the results of
[17, 18, 24], we discuss the extension of the supergravity lagrangeans necessary
to include non-linear internal gauge symmetries. We describe how the non-linear
transformations can be modified to assign arbitrary U(1) charges to supermul-
tiplets in any representation of the internal gauge group, and we discuss the
cancellation of anomalies.
This paper is composed as follows. The main aspects of gauged supersym-
metric σ-models on Ka¨hler manifolds are reviewed in section 2. We discuss their
extension to local supersymmetry in section 3. This includes a description of the
role of the non-linear compensating scalar multiplet introduced in [16]. Section 4
analyses the phenomenology in supergravity of models where the Ka¨hler potential
transforms covariantly. In section 5 the various constructions are applied in the
context of the Grassmannian coset spaces U(n +m)/U(n) × U(m) and its non-
compact analogs. An anomaly-free supersymmetric model of a family of quarks
and leptons in representations of SU(5)/SU(3) × SU(2) × U(1) is presented in
sect.6. Diagonalization of the metric and propagators is discussed in a general
geometrical setting in section 7, using some of the geometrical constructions pre-
sented in the appendix. Its implementation in the case of Grassmannian models
is given in section 8. The vacuum configuration of the Grassmannian model based
on SU(5) with the standard model particle spectrum is analysed. The conclu-
sions and lessons drawn from these investigations are summarized in section 10.
Their applications to other models are described in a separate publication [19].
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2 Supersymmetric lagrangeans
In this section we present the machinery to describe N = 1 supersymmetric
lagrangeans [23, 1, 2, 3]. The geometrical objects we use in this section are just
short-hand to cast the formulae in a more systematic form. The geometrical
aspects are of use later on in this article. All the supersymmetric field theories
which are developed in this section have to be interpreted as effective field theories
involving a cut-off scale f−1. This cut-off scale is used explicitly only when needed
to give a certain object its canonical dimension.
Let ΣA = (ZA, ψAL , H
A) be a set of chiral multiplets, where ZA is a physical
complex scalar, ψAL a chiral fermion and H
A is an auxiliary complex scalar. The
index A enumerates the multiplets in the set. The kinetic part of the lagrangean
for such chiral multiplets is given in terms of a real composite superfield K(Σ¯,Σ)
by the following supersymmetric expression
LK = K(Σ¯,Σ)|D = −gAA
(
∂µZ¯A∂µZ
A + ψ¯
A
L
↔
D/ψAL − ˆ¯H
A
HˆA
)
(2.1)
+RAABB (ψ¯
A
Rψ
B
L) (ψ¯
A
Lψ
B
R).
The complex hermitean metric gAA can be derived from the Ka¨hler potential
K(Z¯, Z) by
gAA = K,AA. (2.2)
The auxiliary fields HA are redefined as HˆA = HA − ΓABCψ¯BRψCL and the Ka¨hler
covariant derivative Dµψ
A
L = ∂µψ
A
L + Γ
A
BCψ
B
L∂µZ
C is introduced with
ΓABC = g
AAgAB,C, Γ¯
A
BC = g
AAgBA,C (2.3)
the complex connections. The four-fermion terms have been rewritten with the
help of the curvature tensor
RAABB = gAA,BB − gAC,A gCC gCB,B. (2.4)
In addition one can write down a lagrangean determined by a holomorphic func-
tion W , called the superpotential, of chiral superfields
LW = [W (Σ)]F =
1
2
W,AH
A − 1
2
W,ABψ¯
A
Rψ
B
L + h.c.. (2.5)
It follows from the lagrangean (2.1) that the symmetries of this supersymmetric
model are given by the isometries of the metric gAA which leave (2.5) invariant
1.
1In factW may transform with a phase factor which does not depend on the fields, which can
be compensated by a chiral rotation of the fermions to leave the Yukawa couplings invariant.
This so-called R-symmetry is broken if the superpotential does not transform homogeneously.
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The isometries are generated by a complete set of the Killing vectors RAi (Z)
which determine the transformation rules for the chiral multiplet completely
δiΣ
A = RAi (Σ) =


δiZ
A = RAi (Z),
δiψ
A
L = RAi,B(Z)ψBL,
δiH
A = RAi,B(Z)HB −RAi,BC(Z)ψ¯BRψCL.
(2.6)
The Killing vectors satisfy the Killing conditions
(
gABRBi
)
,A
+
(
R¯Bi gBA
)
,A
= 0,
therefore they obey
RB[iRAj],B = f kij RAk . (2.7)
This defines a representation of the abstract algebra δ[iδj] = f
k
ij δk of a group with
the structure coefficients f kij , satisfying the Jacobi identities for consistency.
The Ka¨hler potential K may transform under the isometries (2.6) as
δiK(Z¯, Z) = K,ARAi +K,AR¯Ai = Fi(Z) + F¯i(Z¯). (2.8)
The functions Fi (F¯i) are (anti-)holomorphic functions, as the metric is defined
by (2.2). By using the group property of the isometries and the fact that Fi
and Ri are both holomorphic, it follows that the algebra of the functions Fi
is determined by the structure constants, up to an imaginary constant part:
δ[iFj] = f kij Fk + iaij where the constants aij are real and anti-symmetric. By
an appropriate shift of the functions Fi these constants can be absorbed into the
definition of Fi, so as to give
δ[iFj] = f kij Fk. (2.9)
Thus the holomorphic functions Fi transform as a 1-cycle. In case the Ricci tensor
RAA is proportional to the metric: RAA = f
2gAA (Einstein spaces), the Ka¨hler
potential can be written as K = f−2 ln det g and the holomorphic functions are
given by Fi = 1/(2f 2)RAi,A. Defining the Killing potentials Mi(Z¯, Z) as
iMi ≡ K,ARAi − Fi = −K,AR¯Ai + F¯i, (2.10)
with the second identity following from eq.(2.8), one observes that the Killing
potentials Mi are real functions. The Killing vectors RAi can be obtained from
them by
iMi,A = gAARAi , iMi,A = −gAAR¯Ai . (2.11)
They transform under the isometries in the adjoint representation
δiMj = −δjMi = f kij Mk. (2.12)
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When the isometry group is semi-simple, all geometrical objects of the Ka¨hler
manifold can be expressed in terms of Killing potentials [20, 21].
If part of the internal symmetries are local, the partial derivatives in eq.(2.1)
and in the Ka¨hler covariant derivative Dµ have to be replaced by gauge covariant
ones given by
∂µZ
A −→ DµZA = ∂µZA − AiµRAi ,
Dµψ
A
L −→ DµψAL = ∂µψAL − AiµRAi,BψBL +DµZCΓACBψB, (2.13)
where Aiµ are the gauge fields corresponding to the local symmetries. They are
components of the vector multiplets V i = (Aiµ, λ
i, Di), with λi representing the
gauginos and Di the real auxiliary fields.
After the introduction of the gauge fields in the lagrangean (2.1) via the covari-
ant derivatives (2.13), the σ-model itself is not invariant under supersymmetry
transformations anymore. This is resolved by adding the terms
∆LK = 2 gAA
(
R¯Ai λ¯iRψAL +RAi ψ¯ALλiR
)
−Di (Mi + ξi) (2.14)
to the lagrangean (2.1), including Fayet-Illiopoulos terms if applicable.
The kinetic terms for these vector multiplets take the form [17, 18]
Lf =
[
fijW
i(V )W j(V )
]
F
=
1
2
fij
(
−λ¯iR
↔
D/λiR −
1
2
F i− · F j− + 1
2
DiDj
)
+
1
2
fij,A
(
−σ · F i− + iDi
)
ψ¯ARλ
j
L −
1
4
fij,AH
AλiRλ
j
L (2.15)
+
1
4
fij,AB(ψ¯
A
Rψ
B
L) (λ¯
i
Rλ
j
L) + h.c.,
where the fij are chiral superfields transforming covariantly under the group of
isometries; for example, they can be holomorphic functions of the chiral super-
fields Σ. The anti-selfdual field strength is defined as F i−µν =
1
2
(
F iµν − F˜ iµν
)
. The
covariant derivative acting on the gauginos is defined in the adjoint representa-
tion. The standard form of the function fij is fij(Z) = σ(Z)ηij where ηij is the
Killing metric defined from the structure coefficients
−2ηij = −2CAδij = f lik f kjl , (2.16)
and σ(Z) is an invariant holomorphic scalar coefficient. The indices i, j, . . . run
over the gauged part of the isometries and δij is the Killing metric normalized
by the Casimir CA of the adjoint. When a direct product group of subgroups is
gauged, there are as many different coefficients σ(i) as there are subgroups. The
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real parts of the coefficients: Re (CAσ
(i)), can be interpreted as coupling constants
1/(g(i))2.
From the covariance of the Killing potentials, eq.(2.12), it is obvious that in
non-supersymmetric models one can write down a general class of non-minimal
kinetic terms for the gauge fields, with fij of the form
fij = σηij + ρMiMj. (2.17)
Here the coefficients σ and ρ must be scalars under the internal symmetries.
The inverse of fij can be obtained if its determinant is non-zero; this happens
in particular if the Killing metric ηij is invertable and σ, σ + ρ(Mk)2 6= 0. The
non-minimal kinetic terms of this type are more complicated than the ones usu-
ally discussed in the context of N = 1 supersymmetry, as for ρ 6= 0 the fij are
non-holomorphic functions of the chiral goldstone-boson superfields. Supersym-
metrization of these terms is possible, but only at the expense of introducing
higher-derivative terms for the chiral multiplets.
To see this, we recall that in terms of components the W i form a particular
kind of chiral spinor-tensor multiplet, obtained from the vector multiplet V by
W iL(V ) =
(
λiL,
1
2
(
−σ · F i− + iDi
)
, D/λiR
)
. (2.18)
Now the σ-model action itself is derived from a composite abelian vector multiplet
K = (Bµ,Λ, D), with components defined as
Bµ = iK,α∂µz
α − iKα∂µ z¯α + 2gV iµMi − 2igαα ψ¯αLγµψαL,
ΛR = 2igααD/z¯
α ψαL − 2igααHˆαψαR − 2gλiRMi,
D = L ≡ LK + ∆LK.
(2.19)
Here L = LK + ∆LK is the gauged extension of the σ-model lagrangean, as
discussed previously; by construction it is invariant under supersymmetry modulo
a total derivative.
To the vector multiplet K corresponds a similar spinor-tensor multiplet, with
components
WL(K) =
(
ΛL,
1
2
(
−σ · T i− + iL
)
, ∂/ΛR
)
, (2.20)
where
Tµν = ∂µBν − ∂νBµ
= gAA
(
DµZ¯
ADνZ
A −DνZ¯ADµZA
)
+Dµ
(
gAAψ¯
A
L γνψ
A
L
)
−Dν
(
gAAψ¯
A
L γµψ
A
L
)
− igF iµνMi.
(2.21)
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Then the supersymmetric extension of the terms (2.17) is constructed by taking
the direct analogue of eq.(2.15):
∆Lnon−min =
[
σηijW
i(V )W j(V )
]
F
+
[
ρW (K)2
]
F
. (2.22)
Clearly, this involves the square of the contracted field strength [F iµνMi]2, but
in addition there are higher-derivative terms for the components of the chiral
superfields ΣA.
Until now we treated all chiral multiplets ΣA =
(
Φα, ΨA
)
on the same footing;
we now classify the chiral multiplets Φα and ΨA by their transformation proper-
ties under the isometries. The chiral multiplets Φα = (zα, ψαL, h
α) transforming
non-linearly into themselves under a part of the isometries are called σ-model
multiplets. The chiral multiplets ΨA =
(
xA, χAL , f
A
)
transforming linearly into
themselves under all isometries, but possibly with σ-model-field dependent pa-
rameters, are called matter multiplets. The transformations eq.(2.6) of σ-model
and matter multiplets take the form
δiΦ
α = Rαi (Φ), δiΨ
A = RAiB(Φ)Ψ
B (2.23)
according to the definitions above. The Killing vectors (2.23) for the σ-model
and matter multiplets satisfy
Rβ[iR
α
j],β = f
k
ij R
α
k , R
B
[i CR
A
j]B +R
β
[iR
A
j]C,β = f
k
ij R
A
k C . (2.24)
The components of the σ-model multiplets Φα transform according to (2.6) but
with ZA replaced by zα, etc. The transformation rules for components of the
matter multiplets ΨA are more involved
δiΨ
A =


δix
A = RAiBx
B,
δiχ
A
L = R
A
iBχ
B
L +R
A
iB,βx
BψβL,
δif
A = RAiBf
B +RAiB,β
(
xBhβ − 2χ¯BRψβL
)
− RAiB,βγxBψ¯βRψγL.
(2.25)
Notice that the chiral matter fermions χAL do not transform into themselves if the
transformations RAiB depend on the σ-model fields. In section 7 the chiral matter
fermions are redefined such that they transform covariantly, see eq. (7.14) in that
section.
Below we give a number of examples of matter multiplets and construct their
Ka¨hler potentials. Because the transformation rules for the complex matter
scalars xA are linear in themselves, it follows that Ka¨hler potentials for the mat-
ter multiplets are invariant unless the Ka¨hler potential is a sum of holomorphic
functions of these matter fields and their complex conjugates already2.
2Of this trivial fact we make use later, see eq.(2.29)
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Given the Killing vectors Rαi , the Ka¨hler potential Kσ and hence the metric
gσ α¯α for the σ-model multiplets, it is straightforward to give explicit examples of
the transformations of matter multiplets. By noticing that the metric gσ defines
an invariant line element on the Ka¨hler manifold by ds2 = dz¯αgσ ααdz
α, it follows
that scalar fields xα which transform as differentials
δix
α = Rαi,β(z)x
β , (2.26)
have an invariant Ka¨hler potential given by
K1(x¯, x; z¯, z) = x¯
αgσ ααx
α. (2.27)
With the subscript 1 we indicate that this is the coupling of a rank one tensor (a
vector) to the σ-model. The complex scalar xα can be part of a chiral multiplet
Ψα = (xα, χαL, f
α). Its transformation rules are given by equations (2.25) when
A,B are replaced by α, β. By taking tensor products of n such vectors one
can built a rank n tensor chiral multiplet which is coupled to the σ-model. It
is possible to construct irreducible representations of the linear isometries by
(anti)-symmetrizations and by taking traces. This construction is called covariant
matter coupling [15, 22, 16].
It is also possible to couple a singlet chiral superfield Ω = (s, χL, f) non-
trivially to a σ-model [16]. The singlet chiral multiplet Ω transforms as
δiΩ = −f 2Fi(Φ)Ω. (2.28)
which forms a representation, see eq.(2.9). Note, that as the matter fields trans-
form linearly into themselves, we have Fi(Φ,Ψ) = Fi(Φ). We have taken the
scalar component Ω dimensionless, as is convenient for the applications of Ω
later. A covariant Ka¨hler potential for this singlet Ω is given by
KΩ = f
−2 ln
(
Ω¯Ω
)
, (2.29)
which transforms opposite to the Ka¨hler potential Kσ of the σ-model fields. The
components of the multiplet Ω are non-propagating, as KΩ is a sum of a holomor-
phic and an anti-holomorphic function. One can use this compensating multiplet
Ω to rescale other matter multiplets so as to assign arbitrary U(1) charges q(A) to
them [16]. Indeed, let ΨA be a set of matter multiplets described by a Ka¨hler po-
tential Ψ¯A¯gA¯AΨ
A. Define the rescaled multiplets Ψ′A by Ψ′A = Ω−q
(A)
ΨA. Their
transformation rules become
δiΨ
′A = RAiB(Φ)Ψ
′B + q(A)f 2Fi(Φ)Ψ
′A (2.30)
and their Ka¨hler potential has to be modified to
Ψ¯′A¯g′A¯AΨ
′A = Ψ¯′A¯gA¯AΨ
′Ae−q
(A)f2Kcov . (2.31)
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The Ka¨hler potential Kcov denotes any Ka¨hler potential transforming in the same
way as Kσ. The case where Kcov = Kσ was discussed in ref.[16]. The numbers
q(A) are arbitrary real numbers and may be fixed by dynamical considerations,
like anomaly cancellation3 [16].
We finish this section by fixing the notation for the general considerations
below. In the following we denote the Ka¨hler potential for all physical σ-model
multiplets Φ by Kσ(Φ¯,Φ), and the Ka¨hler potential for all physical matter multi-
plets ΨA byKm(Ψ¯,Ψ; Φ¯,Φ). The matter fields Ψ
A residing inKm may be rescaled
by some power of Ω. K = Kσ +Km is the sum of these two Ka¨hler potentials.
In the discussion of superpotentials (2.5), it is often convenient to introduce
a compensating superpotential w(Σ): a dimensionless composite chiral superfield
which transforms as δiw = qf
2Fiw under the internal symmetries, with q a real
number4. With such a holomorphic function w, an invariant Ka¨hler potential
can be defined in terms of the physical fields only
K(Σ¯,Σ) = K(Σ¯,Σ)− 1
qf 2
ln |W(Σ)|2. (2.32)
Here the covariant superpotential W is defined by
W(Σ) = f 3w(Σ)W (Σ), (2.33)
combining the invariant superpotential W , as in eq. (2.5), with the compensating
superpotential w introduced above. Observe, that with a compensating singlet
Ω one can not make more general superpotentials than with physical multiplets
alone, as Ω can always be integrated out.
3 Non-linear chiral multiplet coupled to super-
gravity
We now turn to the coupling of gauged chiral multiplets to supergravity, as dis-
cussed for example in [17, 18], generalized to include (holomorphic) non-linear
gauge transformations. This coupling to supergravity has also been discussed in
[24] using the superspace formalism [25]. A related approach using Ka¨hler super-
space [26] can be found in [27]. Besides presenting a review of this coupling, the
main purpose of this section is to relate it to the rescaling of the matter multi-
plets we discussed in the previous section. We make the same distinction between
σ-model multiplets Φα and matter multiplets ΨA as in section 2. Of the latter
3 This works because one can define covariant matter fermions χˆA
L
using (7.14) transforming
as δiχˆ
A
L
= RA
i B
χˆA
L
, as we show in section 7.
4 Such a compensating superpotential w can always be constructed: for instance add two
physical singlets S+ and S− with opposite charge to cancel any anomalies, and consider w =
fS+.
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the compensating singlet Ω plays a crucial role in the locally supersymmetric
case as well. The matter fields ΨA are initially assumed to transform covariantly;
rescalings by powers of Ω come out naturally, as we show below.
As was discussed in ref. [17] an elegant way of coupling chiral multiplets to
supergravity goes as follows: first couple the chiral multiplets to superconformal
gravity, using a compensating multiplet Ω. By fixing a set of gauges involving
this compensating chiral multiplet Ω the superconformal algebra is reduced to the
super-Poincare´ algebra. On a chiral multiplet Σ = (Z, ψL, H) ∈ {Φα,ΨA,Ω} the
local superconformal algebra with transformations δ = δQ(ǫ) + δS(η) + δD(λ) +
δA(θ) is realized by
δZ = ǫ¯RψL + ω(λ− i3 θ)Z
δψL =
1
2
(D/ZǫR +HǫL) + ωZηL +
[(
ω + 1
2
)
λ+ i
(
1
2
− ω
3
)
θ
]
ψL,
δH = ǫ¯L (D/ψL − λiRRi(Z)) + 2(1− ω)η¯RψL
+
[
(ω + 1)λ+ i
(
1− ω
3
)
θ
]
H.
(3.1)
Here (λ, θ) are the parameters of local scale and chiral U(1) transformations,
whilst the spinors (ǫ, η) parameterize local Q- and S-supersymmetry transfor-
mations, respectively. Furthermore ω = (ω(α), ω(A)) denote the Weyl-weights of
the chiral multiplets; the Weyl-weight of Ω is taken to be ω(Ω) = 1. The special
conformal boosts do not have to be considered here as their only role is to fix
the Weyl gauge field bµ to zero when we restrict to Poincare´ supergravity. The
covariant derivatives are superconformal derivatives with the non-linear gauge-
covariantizations (2.13) included.
Under the internal symmetries the σ-model fields Φα and the matter fields ΨA
transform according to eqs. (2.23). Generically this requires the conformal Weyl
weights of the σ-model bosons to vanish; formally this is derived by requiring the
internal symmetries and the space-time symmetries to commute:
0 = [δD, δi]z
α = ω(β)Rαi,βz
β − ω(α)Rαi ⇒ ω(α) = 0, ∀α. (3.2)
By a similar argument any additional U(1) symmetries entering the theory should
leave the σ-boson fields inert as well. Furthermore, the Weyl weights of the matter
multiplets in a single irreducible representation must all be equal. We can make
them vanish as well by multiplying with an appropriate power of the compensator:
Ψ′
A
= Ω−ω
(A)
ΨA ⇒ ω′ (A) = 0. (3.3)
Clearly, the dimension of the physical fields (as opposed to the Weyl weight)
is kept fixed by taking Ω dimensionless. For later use in constructing invariant
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actions we demand that the compensating superfield Ω transforms like a non-
trivial singlet (2.28) under the internal symmetries as
δiΩ = −κ2Fi(Φ)Ω, (3.4)
with Fi(Φ) having vanishing Weyl weight: ω
(Fi) = 0, but —like for the Ka¨hler
potential itself— the mass-dimension dim[Fi] = 2. Therefore we have introduced
the inverse Planck scale κ = 1/MP . By eq.(2.28) this implies that the multiplet
Ψ′A transforms under the internal symmetries as
δiΨ
′A = RAiB(Φ)Ψ
′B + ω(A)κ2Fi(Φ)Ψ
′A. (3.5)
which is precisely the form of equation (2.30) with q(A)f 2 = ω(A)κ2. These charges
were introduced more or less ad hoc in ref.[16], so as to cancel anomalies. From
now on we assume that we have performed this rescaling to all the matter fields,
therefore we drop the prime on the matter fields.
With these results in mind we proceed in the standard way [17, 18] to con-
struct invariant functions of the superfields and use the density formula for real
superfields of Weyl-weight 2 and chiral superfields of Weyl-weight 3 to obtain
superconformally invariant lagrangeans. Let K be the Ka¨hler potential for the
σ-model fields Φα and the matter fields ΨA which is covariant
δiK = Fi + F¯i. (3.6)
One defines a dimensionless invariant Ka¨hler potential G by
eG = Ω¯Ω eκ
2K(Φ¯,Ψ¯;Φ,Ψ). (3.7)
eG is a real superfield with Weyl-weight 2 and is inert under all internal symme-
tries. Hence by using the density formula for a real Weyl-weight 2 superfield it
follows that the lagrangean
[
eG
]
D
=
[
Ω¯Ω eκ
2K(Φ¯,Ψ¯,Φ,Ψ)
]
D
is invariant under super-
conformal and internal symmetries. For similar reasons the only Weyl-weight 3
F -term lagrangean one can write down is
[
(Ω)3W3/ω(Φ,Ψ)
]
F
where the covariant
superpotentialW is a dimensionless holomorphic function of Φα and ΨA. This la-
grangean is inert under the internal symmetries provided that the superpotential
transforms as
δiW(Φ,Ψ) = ωκ2 Fi(Φ)W(Φ,Ψ), (3.8)
again with the Weyl weight and rescaling charge q of eq. (2.32) related by qf 2 =
ωκ2. The particular power 3/ω of the superpotential W is required precisely to
satisfy this transformation rule. By redefining the compensating multiplet as
Ω′ = ΩW1/ω(Φ,Ψ), (3.9)
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it is inert under all internal symmetries and the superpotential can be absorbed
into the extended Ka¨hler potential K [17]
eG = Ω¯′Ω′ eκ
2K, (3.10)
where K is given by eq. (2.32) with the above substitution qf 2 → ωκ2. There-
fore a superpotential for the physical fields necessarily transforms as in eq.(3.8).
From now on we use the redefined singlet Ω′ of eq.(3.9), unless explicitly stated
otherwise; therefore we drop the primes on Ω. Although we now consider non-
linear internal symmetries the Ka¨hler potential K takes the same form as given
in ref.[17]. But because of this non-linear nature, the gauging of part of the in-
ternal symmetries leads to some modifications of the invariant lagrangean. These
modifications only come from the D-terms and gaugino-matter coupling which
we discuss below5. The crucial part of the lagrangean in eq. (3.14) of ref.[17]
generalizes to
e−1∆L = 1
4
fij D
iDj +
i
2κ2
(
eG
)
,A
RAi
(
Di + iΨ¯R · γλiR
)
(3.11)
+
2
κ2
(
eG
)
,AA
RAi λ¯iLχAR + h.c.
whereRAi are the Killing vectors defined for all the fields in the model. Notice that
RΩi = 0 since the compensating multiplet Ω does not transform under the internal
symmetries. These Killing vectors can be obtained from Killing potentials Mi
defined by iκ2Mi =
(
eG
)
,A
RAi , using (2.11) and the vanishing of Fi, as G is inert
under the internal symmetries. This holds for the Ka¨hler potential K as well,
and the Killing potential can be expressed as
Mi = eGMi = eG
(
Mσi − iKm,αRαi − iKm,A
{
RAiB + ω
(A)Fiδ
A
B
}
ΨB
)
.
(3.12)
For example, with the matter terms of the form
Km =
∑
Ψ
Ψ¯AgAAΨ
Ae−κ
2ω(A)Kσ , (3.13)
the Killing potentials can be expressed as [16]
Mi = eGMi = eG
(
Mσi
(
1 + ηκ2
∑
Ψ
ω(A)Ψ¯AgAAΨ
Ae−ω
(A)κ2Kσ
)
− i∑
Ψ
Ψ¯ARi A,AΨ
Ae−ω
(A)κ2Kσ
)
.
(3.14)
5All gauge couplings now involve the Killing vectors RAi as well.
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The part of the lagrangean (3.11) can be written in terms of Killing potentials as
e−1∆L = 1
4
fij D
iDj − 1
2
Mi
(
Di + iΨ¯R · γλiR
)
+ 2iMi,Aλ¯iLχAR + h.c..
(3.15)
The total lagrangean in superconformal gravity of gauged non-linear isome-
tries with matter couplings is given by
L = 1
κ2
[Ω¯Ωeκ
2K]D +
1
κ3
[Ω3]F + [fijW
iW j]F . (3.16)
To reduce the lagrangean (3.16) to Poincare´ supergravity with matter coupled
to it, one has to perform a number of gauge-fixings [17]. This can be done in a
clever way [18] by choosing
D : s¯seκ
2K = 3, A : Im s = 0,
S : χL = −κ2sK,AψAL , Km : bµ = 0,
(3.17)
using the components of Ω = (s, χL).
We now briefly review the relationship between this setup and the formulation
of refs. [24, 26]. If one does not perform the redefinition (3.9) the superconformal
lagrangean reads
L = 1
κ2
[Ω¯Ωeκ
2K ]D +
1
κ3
[Ω3W3/ω]F + [fijW iW j]F . (3.18)
It is inert under all internal symmetries provided that the compensator Ω trans-
forms according to eq. (3.4). If one reduces to Poincare´ supergravity by applying
the gauge fixings (3.17) with K replaced by K the results of refs. [24] are ob-
tained. The gauge fixings eq. (3.17) in this situation are not invariant under the
internal symmetry transformations; this can be compensated by a chiral rotation
[24]
δiψ = i
1
2
ImFiγ5ψ, (3.19)
on all spinors ψ. One could also consider arbitrary holomorphic functions F
in eqs. (3.6) and (3.4) instead of the functions Fi, which are dictated by the
isometries (2.23). This is the basis of Ka¨hler superspace [26] where the Ka¨hler
U(1) transformations are gauged. Notice that the redefinition of the compensator
(3.9) is a special case of this. It is clear that the lagrangean (3.18) is invariant
under these transformations. This reflects the fact that in supergravity the Ka¨hler
potential K and the superpotential W are not independent.
In this article our primary concerns are the isometries of the σ-model and
the holomorphic functions Fi they induce. Therefore we choose to work with the
invariant Ka¨hler potential K and the lagrangean (3.16), amounting to a specific
gauge in Ka¨hler supergravity.
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4 Vacuum configuration
In the previous section the construction of (locally) supersymmetric lagrangeans
for σ-models with non-linear symmetries was discussed. We now make a first step
in the analysis of the phenomenology of such models. The scalar potential V is
given here before the auxiliary fields are eliminated. This has the advantage that
breaking of supersymmetry is encoded in the vacuum expectation values of the
auxiliary fields: supersymmetry is broken iff at least one auxiliary field has a non-
vanishing VEV. We do not consider any fermion condensates here. Combining
the results of eqs. (2.1), (2.5) and (3.15), the scalar potential for the auxiliary
and physical scalars in Poincare´ supergravity reads
V = VD + VF = −1
2
RefijD
iDj − gAAH¯AHA (4.1)
+DiMi − κ−1
(
K,AH¯A +K,AHA
)
e
1
2
κ2K − 3κ−4eκ2K,
using the results of ref. [18] together with the generalization for non-linear sym-
metries of section 3. In this scalar potential the Ka¨hler potential is given by
eq. (2.32). If supersymmetry is unbroken, the gravitino may still have a non-
vanishing mass
κ−1e
1
2
κ2Kψ¯µσ
µνψν = κ
−1|W|− 1ω e 12κ2Kψ¯RµσµνψLν + h.c., (4.2)
as this term, together with the negative cosmological last term of eq. (4.1), is
supersymmetric. A vanishing gravitino mass is only possible if − 1
ω
> 0 and the
covariant superpotential vanishes in the vacuum. Because of the covariance of
the superpotential W the gravitino mass is linked to the breaking of internal
symmetries, as
< δiW >= qf 2 < Fi ><W > . (4.3)
If <W > 6= 0, the symmetries for which < Fi > 6= 0 are broken. In particular the
U(1)-factor of the linear isometries produces a constant function FU(1) = f
−2a,
hence this U(1) is broken as soon as < W > 6= 0. Observe that the inverse is
not necessarily true: when the gravitino mass vanishes (< W >= 0) symmetry
breaking is not automatically ruled out.
In the absence of fermion condensates the equations of motion of the auxiliary
fields in the vacuum are
RefijD
j =Mi,
(4.4)
H¯AgAA =− κ−1
(
WK,A − 1
qf 2
W,A
)
|W|− 1ωW−1e 12κ2K .
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If the metrics Refij and gAA are invertable, the scalar potential can be written
in hybrid form as
V =
1
2
RefijD
iDj + gAAH¯
AHA − 3κ−4|W|− 2ω eκ2K , (4.5)
with Di and HA the solutions (4.4). Using eqs. (4.4) and (4.5) the following
phenomenological picture emerges. First of all observe that if
− κ
2
qf 2
= − 1
ω
< 1 (∃W,A 6= 0) (4.6)
the scalar potential diverges for W = 0 unless for all A the first derivative of the
superpotential vanishes as well. In that case the scalar potential still diverges if
− 1
ω
< 0 (∀W,A = 0). (4.7)
In this case the scalar potential can diverge to ± infinity depending on the details
of the Ka¨hler potential. (In the case where not all W,A = 0 the potential always
diverges to + infinity, as |W,A|2 is always positive in that situation.)
We now discuss the consequences of the analysis above. If − 1
ω
> 1, the σ-
model cut-off is in general bigger than the Planck-scale. In this case <W >= 0
but the derivatives of W do not have to vanish. The condition < W >= 0 may
give rise to additional internal symmetry breaking. In the situation 1 ≥ − 1
ω
> 0
the Planck scale may be much bigger than the σ-scale, and not only <W >= 0
but also all < W,A >= 0. This means that there are more restrictions on the
VEVs of the scalars and hence there may be more symmetry breaking and/or
more parameters are fixed. In this case all the auxiliary fields (4.4) of the chi-
ral multiplets vanish, therefore F -term supersymmetry breaking is not possible.
The spontaneous supersymmetry breaking can therefore only occur if the aux-
iliary D-fields (4.4) acquire non-vanishing VEVs. Soft supersymmetry breaking
masses can still arise because of non-renormalizable contributions. We show how
this works out in practice in section (9), where the vacuum configuration of a
Grassmann σ-model with a standard model-like spectrum is discussed.
5 Grassmannian Manifolds
In this section we illustrate the general constructions discussed above with the
example of Grassmann manifolds. Considering a particular model which decribes
quark doublets, we show that anomaly cancellation is possible when we extend
it to a non-linear version of the standard model. A Grassmann manifold is a
homogeneous space which is obtained as the coset Uη(m,n)/U(m) × U(n) ≃
SUη(m,n)/SU(m)× SU(n)×U(1). The parameter η distinguishes the compact
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and non-compact case: the compact group (S)U(m+ n) has η = 1 and the non-
compact group (S)U(m,n) has η = −1. Note that the second expression G/H
for the coset manifold is obtained from the first one by cancelling a U(1) factor
between the numerator and the denominator. This U(1) may still act on the
fields in our models, where it then represents a central charge (it commutes with
all generators of G). Refs. [1, 2, 3] provide the Ka¨hler potential for these models,
which can be written as
Kσ(Q¯, Q) =
1
ηf 2
(
a trm ln(g
−1) + b trn ln(g˜
−1)
)
(5.1)
with the inverse metrics g−1 and g˜−1(
g−1
)i
j
=
[
1 + ηf 2QQ¯
]i
j
,
(
g˜−1
)a
b
=
[
1 + ηf 2Q¯Q
]a
b
. (5.2)
Here f is the parameter with the dimension of inverse mass setting the scale; it
gives the fields Q their canonical dimension. Two traces have been introduced:
trm acts on m × m-matrices and trn on n × n-matrices. The superfield matrix
Q = (Qia) has vector indices in both SU(m) and SU(n) and Q¯ = (Q¯ai) is its
conjugate. We take the indices i = 1, . . . , m and a = 1, . . . n. In subsection 6
we interpret Qia as a chiral multiplet containing a quark-doublet. The two real
constants a and b obey a + b = 1 and hence drop out of (5.1) after evaluating
the traces. The constant c defined by mnc = ma − nb, which may be used to
characterize the central charge, is therefore not fixed uniquely. The non-linear
realization of the Uη(m,n) algebra on multiplets Q and Q¯ takes the form
δQ = R(Q) = 1
f
ǫ+ ηfQǫ¯Q+ iMQ − iQN + i(m+ n)θYQ,
δQ¯ = R¯(Q¯) = 1
f
ǫ¯+ ηfQ¯ǫQ¯ + iNQ¯− iQ¯M − i(m+ n)θY Q¯, (5.3)
whereM (N) represents the matrix of infinitesimal parameters of SU(m) (SU(n)),
ǫ¯ an n×m-matrix and θY is a real number. We also introduce a real parameter
θC for the central charge, but by construction the goldstone fields Q, Q¯ are inert
under the central U(1). The Lie algebra corresponding to the tranformation rules
(5.3) can be stated as
[Y,X ia] = (m+ n)X ia, [Y, X¯ai] = −(m+ n)X¯ai,
[Ukl , X
ia] = δilX
ka − 1
m
δkl X
ia, [Ukl , X¯ai] = −δki X¯al +
1
m
δkl X¯ai,
[V cd , X
ia] = −δadX ic +
1
n
δcdX
ia, [V cd , X¯ai] = δ
c
aX¯di −
1
n
δcdX¯ai,
[U ij , U
k
l ] = δ
i
lU
k
j − δkjU il , [V ab , V cd ] = δadV cb − δcbV ad ,
[X¯ai, X
jb] = η
(
δbaU
j
i − δjiV ba
)
+ η
1
mn
Y δji δ
b
a,
(5.4)
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where U, V,X, X¯, Y are the generators of SUη(m,n). By adding the generator
C for the central U(1) we complete this to a full set of generators for Uη(m,n).
The generators U and V are taken anti-hermitean and X and X¯ are each oth-
ers hermitean conjugates. The U ij span the subalgebra SU(m) of Uη(m,n) and
similarly the generators V ab span the subalgebra SU(n). The two U(1)-factors in
U(m) and U(n) combine to form the charges Y and C. On Qia the generators U
(V ) act via left (right) multiplication. For this reason the commutators involving
V differ from the commutators involving U by a minus sign. (By a redefinition of
V this minus sign could be absorbed.) The inverse metrics (5.2) transform under
these symmetries as
δg−1 = Hg−1 + g−1H†, δg˜−1 = g˜−1H˜ + H˜g˜†. (5.5)
Here the holomorphic matrix-valued functions
H = ηfQǫ¯+ iM + inθY + iθC , H˜ = ηf ǫ¯Q− iN + imθY − iθC .
(5.6)
and their conjugates transform in the adjoint representation of Uη(m,n). Using
(5.5) it is easy to show that Kσ in eq.(5.1) transforms as a Ka¨hler potential
δKσ(Q¯, Q) = F (Q) + F¯ (Q). (5.7)
As the functions H and H˜ transform in the adjoint representation, so does the
holomorphic function
F (Q) =
1
ηf 2
(
atrmH + btrnH˜
)
=
1
ηf 2
(ηftrm(Qǫ¯) + imnθY + imncθC) .
(5.8)
Next we discuss matter coupling to the Grassmannian model. Let R(Σ¯,Σ)
and R˜(Σ¯,Σ) be m × m-, resp. n × n-matrix-valued composite real superfields.
They are called left, resp. right, covariant if they transform as
δR = HR+RH†, δR˜ = R˜H˜ + H˜†R˜ (5.9)
under the Uη(m,n) isometries of the Grassmannian manifold. Invariant Ka¨hler
potentials for these real composite superfields R and R˜ are provided by
trm(gR), trn(g˜R˜). (5.10)
By eqs.(5.5) it follows that g−1, resp. g˜−1, are left, resp. right, covariant but the
construction mentioned above gives trivial results for these examples. To obtain
non-trivial results, consider the chiral multiplets Li and Da which transform
under Uη(m,n) by left, resp. right, multiplication
δL =HL = (ηfQǫ¯+ iM + inθY + iθC)L,
(5.11)
δD = DH˜ = D(ηf ǫ¯Q− iN + imθY − iθC).
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We will later interpret L and D as chiral superfields containing the left-handed
lepton doublets and charge conjugate of the right-handed d-quark. It follows that
L has a Y charge n and central C charge 1 and D has Y charge m and central
C charge −1. However this interpretation does not work directly as for m = 3,
n = 2 the Y charges of L and D with respect to Q do no t reproduce the standard
hypercharges Yw. Notice that (LL¯)
j
i and (D¯D)
b
a are left-, resp. right-, covariant
composite superfields and hence from the expressions (5.10) the Ka¨hler invariants
can be constructed
L¯gL and Dg˜D¯. (5.12)
By taking tensor products of multiplets which transform like L and D, one can
obtain higher rank U(m)× U(n) tensors chiral multiplets.
As the function F defines a cycle, transforming with the structure constants of
the gauge group, see eq.(2.9), we can use (2.28) to couple a multiplet Ω which is a
singlet under the semi-simple part of the unbroken symmetries to a Grassmannian
manifold by
δΩ = ηf 2F (Q)Ω = (ηftrm(Qǫ¯) + imnθY + imncθC) Ω. (5.13)
For later convenience, we take Ω dimensionless. The rescalings with this singlet
changes the Y charge as well as the central charge C. Notice that we can introduce
another singlet Ω′ with the same transformation rules as Ω but with a different
value for the central charge c′, as the choice of parameters a and b in eq.(5.1) is
not unique. Therefore we can define two independent non-trivial singlets ΩY and
ΩC which transform as
δΩY = (ηftrm(Qǫ¯) + imnθY ) ΩY , δΩC = imnθCΩC , (5.14)
where we set the central charge c of ΩC to unity. When rescalings with ΩY
are performed, one needs to modify the metrics (5.2) because this rescaling also
generates additional non-linear transformations. For rescalings with ΩC this is
not the case; it can in principle be applied to all multiplets. In the following
we discuss the effects of rescalings on matter with a general singlet Ω only, as
rescalings with ΩY or ΩC are just particular examples of this.
Any given chiral multiplet, for example L, can be rescaled by a (non-physical)
singlet Ω to L′ = ΩlL, which transform as
δL′ =
(
l ηf 2F +H
)
L′ (5.15)
using the transformation (5.13) of the singlet Ω. In this way the right charges
can be assigned to multiplets allowing for specific physical applications. The
additional terms in the transformation rule for L′ have to be compensated in the
Ka¨hler potential. Again let R(Σ¯,Σ) and R˜(Σ¯,Σ) be left and right covariant real
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composite multiplets. Using eqs. (5.8), (5.9) and (5.15) a left covariant composite
real superfield is constructed for L′ by
det−laR det−lbR˜ L′L¯′ = e−l(atrm lnR+btrn ln R˜) L′L¯′ (5.16)
and hence using (5.10) a Ka¨hler invariant for L′ is obtained. Notice that this is an
example of eq. (2.31) with Kcov = atrm lnR+btrn ln R˜. If one takes g
−1 and g˜−1
for the composite superfields R and R˜ then one obtains from this construction
the invariant
L¯′gL′ e−lηf
2Kσ (5.17)
by eq.(5.1). Of course a similar construction works for D as well. After rescaling
L by l and D by d such that:
δL = (H + lηf 2F )L, δD = D(H˜ + dηf 2F ), (5.18)
the generalizations of the Ka¨hler invariants (5.12) are given by
KL = L¯g
(L)L, KD = Dg˜
(D)D¯, (5.19)
with the modified metrics
g(L) = e−lηf
2Kσ g, g˜(D) = e−dηf
2Kσ g˜. (5.20)
We next turn to discuss the Killing potentials. We denote all Killing potentials
Mi collectively as M = θiMi, where θi stands for the parameters of the isome-
tries. We first focus on the part Mσ of the Killing potential depending on the
σ-model fields Q and Q¯ only; afterwards the matter contribution Mm is exam-
ined. The complete Killing potential is given by M = Mσ +Mm. Both the
σ-model and matter Killing potentials can be written conveniently in terms of
the matrices
∆ =R(ia)
(
g−1
)
,(ia)
g −H
=− iθC + iθY
(
(m+ n)ηf 2QQ¯g − n
)
− iMg
− iηf 2QNQ¯g + ηf
(
ǫQ¯−Qǫ¯
)
g,
(5.21)
∆˜ =g˜
(
g˜−1
)
,(ia)
R(ia) − H˜
=+ iθC + iθY
(
(m+ n)ηf 2g˜Q¯Q−m
)
+ iηf 2g˜Q¯MQ
+ ig˜N + ηf g˜
(
Q¯ǫ− ǫ¯Q
)
,
under some mild assumptions as we see below. Here we have used the index
notation (ia) to emphasize that this index refers to the superfield Qia. Using
19
eq.(2.10) for the σ-model fields Q and Q¯ we find that their Killing potential can
be written as
iMσ = Kσ,(ia)R(ia) − 1
qηf 2
W−1δW = a
ηf 2
trm∆+
b
ηf 2
trn∆˜.
(5.22)
Notice thatW−1δW plays the role of F and that the covariant superpotentialW
in combination with the σ-model Ka¨hler potential forms an invariant.
To discuss the Killing potential due to matter fields in some generality we
introduce some further notation. We discuss only the rescaled matter field L
here, as it is easy to generalize our discussion to the matter field D and tensor
products. Define the m×m matrix real composite superfield [LL¯]ji = (g(L) L)jL¯i
where g(L) is the rescaled metric defined in eq.(5.20). Notice that [LL¯]g−1 is a
left covariant real composite superfield, hence by (5.10) we obtain the Ka¨hler
invariant: trm[LL¯] = KL. From now on we assume that the matter Ka¨hler
potential Km can be written entirely in terms of matrices like [LL¯]. As Km is
an invariant Ka¨hler function, one can define the Killing potential for the matter
field L as
iML = trm
[
Km,[LL¯]
(
δQia(g(L)),(ia)LL¯+ g
(L)δLL¯
)]
. (5.23)
where Km,[LL¯] denotes the derivative of Km with respect to the matrix [LL¯]. This
can be expressed in terms of ∆ and Mσ as
iML = −L¯Km,[LL¯]g(L)
(
lηf 2 iMσ +∆
)
L. (5.24)
The Killing potentialMm due to all the different matter fields is a sum of Killing
potentials like ML. As the Killing potentials Mσ, Mm for the σ-model fields
and the matter fields are linear in ∆ and ∆˜, cf. eq.(5.22), we can always express
the full Killing potential as:
iM = trm∆P + trn∆˜P˜ (5.25)
where the field dependent matrices P and P˜ encode the details of the full Ka¨hler
potential. Using these matrices one can state the Killing potentials for the dif-
ferent symmetries of Uη(m,n) as
MC = −trmP + trnP˜ ,
MY = trmP
(
(m+ n)ηf 2QQ¯g − n
)
+ trnP˜
(
(m+ n)ηf 2g˜Q¯Q−m
)
,
MU = −gP + ηf 2QP˜ g˜Q¯, (5.26)
MV = P˜ g˜ − ηf 2Q¯gPQ,
iMX = ηf
(
Q¯gP + P˜ g˜Q¯
)
,
iMX¯ = −ηf
(
gPQ+QP˜ g˜
)
.
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In combination with the vector field strengths, also transforming according to
the adjoint representation, we can now construct the invariantMµν = f 2MiF iµν .
For example, if we gauge the full SUη(m,n) (but without the central charge), the
Killing potentials Mσi of the pure σ-model give
Mµν(V,W,Z, Z¯, A) = −if trm
{
g
(
Fµν(Z)Q¯+ ifQQ¯ (Fµν(V ) + nFµν(A))
)}
+ if trn
{
g˜
(
Fµν(Z¯)Q+ ifQ¯Q (Fµν(W )−mFµν(A))
)}
.
−mnη Fµν(A).
(5.27)
Here (Vµ,Wµ, Zµ, Z¯µ, Aµ) are the vector fields for SU(m), SU(n), the off-diagonal
generators of SUη(m,n), and U(1), respectively. The kinetic terms for the gauge
fields then can be constructed as
e−1 Lgk = −σ ηij F iµνF jµν + ρ [Mµν ]2 + ..., (5.28)
where the dots denote the supersymmetric completion. We observe, that in the
case that all isometries are gauged (for η = +1), the unitary gauge is Q = Q¯ = 0,
and therefore the higher-order scalar derivative terms are absent. AsMσ acquires
a vacuum expectation value, it becomes constant and the non-minimal gauge-
kinetic terms become of minimal type, but with a renormalized value of the U(1)
gauge coupling w.r.t. the gauge coupling of the other SU(n+m) fields; after some
rescaling we find
e−1Lgk = −σ
4
(
trmFµν(V )
2 + trnFµν(W )
2 + 2trmFµν(Z)Fµν(Z¯)
)
− (m+ n)mn σ
4
(
1 +
ρ
σ
mn
m+ n
)
)
Fµν(A)
2. (5.29)
Note that the D-potential which accompanies the gauging induces mass terms
for the vector bosons (Z, Z¯). In the present normalization of the lagrangean the
mass-term for the heavy gauge bosons is just mZ = 1/f , but the physical masses
then become to lowest order MphysZ = 1/f
√
σ.
6 Grassmannian standard model
We now turn to an example illustrating how one can cancel anomalies by adding
rescaled matter multiplets. If we consider the case withm = 2 and n = 3 then the
Grassmannian manifold may be the basis of an SU(5) unification model with the
standard model group SU(2)×U(1)×SU(3) as the unbroken subgroup. We do not
require the Uη(2, 3) to be compact nor do we disregard the central charge C. In the
standard model the field content is such that all possible anomalies cancel in each
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Multiplet Fermion Y C Yw k
Qia qiaL n+m 5 cq +1/3 0
Q′ia q′iaL n+m 5 cq +1/3 0
Li liL n 3 cl -1 l = −3
H−i h−iL n 3 c− -1 h
− = −3
H+i h+iL n 3 c+ +1 h
+ = +2
Da dc aL m 2 cd +2/3 d = 4/3
Ua uc aL m 2 cu -4/3 u = −11/3
E ecL 0 0 ce 2 e = 5
Ω - mn 6 c - -
Table 1: Grassmannian (matter) multiplets and their chiral fermion content. Y
is the canonical charge of the σ model and Yw denotes the hypercharge needed for
anomaly cancelation within the standard model. These charges can be indentified
if Y = 15Yw. The number k gives the rescalings with a singlet ΩY . C is the
central charge, which can be chosen differently for each (matter) multiplet, using
the singlet ΩC .
generation, consisting of a quark doublet qL, a lepton doublet lL, quark singlets d
c
L
and ucL and an electron singlet e
c
L. (The notions singlet and doublet here refer to
SU(2) representations.) If one wants to consider models with more generations,
the simplest thing is just to take a number of copies of this structure. Only in
the quark doublet sector there will be a difference: an additional quark doublet
Q′ is to be coupled covariantly to the σ-model spanned by Q. We do not pursue
multiple generation models here further. Finally we introduce a Higgs sector
consisting of two SU(2) doublets H± with opposite charge. The introduction of
the Higgses is necessary for the breaking of SU(2)× UY (1) to Uem(1).
The hypercharges in the standard model are assigned so as to produce anomaly
cancelation. In the supersymmetric models the chiral fermion representations
have to be completed to the chiral supermultiplets Qia, Li, Da, Ua, H± and E.
However if we use the standard coupling of matter multiplets to the Grassmann
σ-model we do not obtain the correct charge assignment.
In table 1 the hypercharge Yw for the chiral multiplets containing the quarks
and leptons is compared to the canonical charge Y defined on the Grassmannian
manifold, as e.g. obtained from the couplings in eqs. (5.3) and (5.11). In the third
column we have evaluated these U(1) charges in the case of Uη(2, 3) (SU(5)). In
the fourth column we have given the central charges C of the multiplets. As
is obvious from this table the hypercharges Yw required in the standard model
do not match the charges Y . (For this to happen, we should have Y = 15Yw
for all fields.) However from eq. (5.13) we see that the singlet chiral multiplet
ΩY has U(1) charge mn = 6 in the Uη(2, 3) model. By employing the rescaling:
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Ψ(k) = ΩkYΨ any chiral multiplet Ψ can be given an additional charge kmn. In
the last column we have given the powers (l, d, u, e, h±) to which the singlet has
to be raised in order the find the right hypercharge assignment for the standard
model. In a similar way the central charges C may be ajusted to coincide with
the B − L quantum numbers.
In the following we assume that we have performed the rescaling to the chiral
multiplets as given in this table and hence we can state the Ka¨hler potential.
K = Kσ +KE +KL +KD +KU +KH+ +KH− , (6.1)
where KL and KD are defined in eqs.(5.19) and KE , KH± and KU are defined in
a similar fashion.
As fundamental compensating superpotentials we may take
wE = fE (qE = e = 5),
wL− = f
2εijL
iH−j (qL− = 1 + l + h
− = −5).
(6.2)
Using the SU(2) invariant ε-tensor, it follows that wL− is a SU(2) singlet. These
compensating superpotentials transform as δw = qηf 2Fw where the numbers
q is given in the brackets in (6.2). The central charge cw of the compensating
superpotential determines the central charge of the holomorphic functions into
which the Ka¨hler potential transforms: qmnc = cw. Combining these compen-
sating superpotentials to another superpotential puts restrictions on the choice
of C-charges of the superpotentials (6.2). For example
w = awE + b(wL−)
−1, (6.3)
where a and b are complex constants, demands that cwE = −cwL− . This in turn
puts restrictions on the C-charges of the matter fields.
For the invariant superpotential W we take a part of the standard model
superpotential:
W = α + βEεijH
−iLj − µεijH+iH−j. (6.4)
The first term α is a constant with dimension of (mass)3; the second term is
the usual Yukawa coupling in supersymmetric models and the third term is the
Higgs interaction. Notice that in this model there are no Yukawa interations for
the quarks, as the quark doublet superfield Q does not transform covariantly.
Notice that the superpotential W has a homogeneously vanishing central charge
if ce + cl + c− = 0 and c+ + c− = 0. Also notice that these central charges can
be choosen in accordance with the lepton number L. In that case we can take
c+ = c− = 0 and −ce = cl = 1. The central charges of the quark multiplets (D,
U) can be chosen to match the baryon number. However, this method does not
apply to the left-handed quarks described by the σ-model superfields Q
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7 Separation of submanifolds
If one considers the combined system of a non-linear σ-model with additional
matter coupling to it, the metric of that total system is in general not diagonal:
one can have mixing between different representations of the symmetry algebra in
the quadratic kinetic terms of the scalars and chiral fermions. This is carried over
to the definition of propagators. If one knows that the theory is constructed out of
several sectors, one would like to be able to assign to each sector a separate metric,
without mixing between different sectors. This requires the metric to be block
diagonal, with each block representing the metric of a different representation of
the isometry group. With the machinery developed in the appendix this can be
done elegantly without too much computational difficulty.
We consider a Ka¨hler manifold parametrized by the coordinates ZA = (zα, xA)
and their conjugates. The method we follow generalizes the result of ref. [28]
where only quadratically coupled rank 1 matter was considered:Km = x¯
αgααx
α,
with the metric gαga depending on z
α and z¯α. However, the starting point of
this section is more general, allowing any Ka¨hler potential K of the σ-model and
matter fields. First we identify the σ-model Ka¨hler potential Kσ(z¯, z) and the
matter Ka¨hler potential Km(x¯, x; z¯, z) by
Kσ = K|x=x¯=0 , Km ≡ gx¯x = K −Kσ. (7.1)
The notation gx¯x for the matter Ka¨hler potential is very suggestive as it reduces
to gx¯x = x¯
AgAAx
A when matter is quadratically coupled. To take this analogy to
the case of quadratic matter coupling a bit further, we define
gx¯A = K,A, gAx = K,A, (7.2)
whilst the metrics for the matter and σ-model fields are
gAA ≡ K,AA, gσ αα ≡ Kσ,αα. (7.3)
To be able to use the method explained in the appendix, we first need to
define the non-holomorphic transformation matrices XA
′
A and X¯
A′
A . We do this
by demanding that the transformations (A.5) block-diagonalize the metric of the
combined system of σ-model fields and matter and leave the metric for the matter
fields unchanged. The metric of the combined system is
gAA =
(
gσ αα + gx¯x,αα gx¯A,α
gAx,α gAA
)
, (7.4)
where gσ αα is the metric of the σ-model without matter coupling. Then the
appropriate transformation is given by the matrices
XAA′ =

 δαα′ 0
−ΓAxα′ δAA′

 , X¯AA′ =

δαα′ −Γ¯Ax¯α′
0 δ
A
A′

 . (7.5)
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In analogy to the quadratically coupled case [28, 16] we have introduced gener-
alizations of the connections
Γαβγ ≡ g αασ gσ αβ,γ, ΓABγ ≡ gAAgAB,γ ,
(7.6)
ΓABC ≡ gAAgAB,C , ΓAxγ ≡ gAAgAx,γ
and their conjugates. (There is no object ΓAxC as a similar definition as in eqs.
(7.6) just gives ΓAxC = δ
A
C .) Indeed, the metric of the full system after this
transformation is
gA′A′ =
(
gα′α′ 0
0 gA′A′
)
, (7.7)
with the effective metric for the zα, z¯α scalars given by
gαα = gσ αα +Rx¯xαα. (7.8)
In this derivation we have assumed that the metric gAA is invertable, and we have
used the generalized curvature Rx¯xαα defined by
Rx¯xαα ≡ gx¯x,αα − gx¯B,αgBBgBx,α = gx¯x,αα − Γ¯Bx¯αgBBΓBxα. (7.9)
In the following we also assume that the metric (7.7) is invertable. Notice that
the inverse of this transformation is given by the same matrices (7.5) but the
primed-indices now are downstairs and there is an additional minus-sign in front
of the off-diagonal parts.
We could also have chosen the matrices (7.5) differently to block diagonalize
the total metric (for example use an upper triangle matrix for the first one) but
as the metric gσαα was already modified (see eq. (7.4)), it is most convenient to
include all the other modifications in there as well. They can all be combined
simply in the curvature (7.9).
Using the connections (7.6) one can define quite a number of generalized
curvature components
Rααββ ≡gσ αγ
(
Γγαβ
)
,β
= gσ βα
(
Γ¯
γ
αβ
)
,β
,
RAABB ≡gAC
(
ΓCAB
)
,B
= gCA
(
Γ¯
C
AB
)
,B
,
RAAαα ≡gAC
(
ΓCAα
)
,α
= gCA
(
Γ¯
C
Aα
)
,α
, (7.10)
Rx¯Aαα ≡gCA
(
Γ¯
C
x¯α
)
,α
, RAxαα ≡ gAC
(
ΓCxα
)
,α
,
Rx¯AαB ≡gCA
(
Γ¯
C
x¯α
)
,B
, RA¯xBα ≡ gAC
(
ΓCxα
)
,B
,
Other generalized curvature components either vanish or are irrelevant in the
following.
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Let us mention an important application of the transformation diagonaliz-
ing the metric to eq. (7.7). For several physical applications, like determining
whether there is soft supersymmetry breaking, one needs to know the contracted
connection ΓA = Γ
B
BA and the Ricci-tensor RAA = g
BBRBBAA of the full model. In
particular the calculation of the curvature can be very tedious even in the setup
presented here, and it is hard to obtain the Ricci tensor in this way. However it is
well known that the contracted connection and the Ricci tensor can be obtained
from the determinant det g of the metric
ΓA = (ln det g),A, RAA = (ln det g),AA. (7.11)
As the transformation matrices (7.5) are upper- or lower-triangular matrices their
determinants are unity. Therefore we may use the block-diagonal metric (7.7) to
calculated the determinant of the full metric: det g′ = det g.
There are some further applications of the method discussed in the appendix.
If the transformations described by the matrices (7.5) are applied to the derivative
of the coordinates zα, xA we find that (A.4))
(∂µZ)
′A
′
=
(
∂µz
α′
Dµx
A′
)
≡
(
∂µz
α′
∂µx
A′ + ΓA
′
xβ′∂µz
β′
)
. (7.12)
The derivative Dµx
A′ is covariant under holomorphic transformations. From now
on we drop the primes on the indices if no confusion is possible. Using these
definitions the kinetic energy of the boson fields zα and xA can be written as
−LB = gαα∂µz¯α∂µzα + gAADµx¯ADµxA. (7.13)
The fermion χAL , the fermionic partner of x
A, is turned into a covariant vector by
the same transformation
χ′
A
L = χ
A
L + Γ
A
xβψ
β
L ≡ χˆAL (7.14)
where the hat denotes covariantization.
So far we have only discussed how the metric and covariant vectors behave
under the transformations described by the matrices (7.5). This is sufficient to
write the kinetic lagrangean for the complex scalars in a convenient form. We
now turn to the calculation of the kinetic lagrangean of the chiral fermions. These
terms in eq.(2.1) involve the covariant derivative on the chiral fermions of the full
sytem, so we have know the form of the covariant derivate on a covariant vector
V A. To calculate this we use eq.(A.8) of the appendix:
(DµV )A′ = (DµV )′A′ − U¯E
′
A′E ′
gE ′B′∂µz
E ′V B
′
+ gA′E ′U
E ′
B′E ′∂µz¯
E ′V B
′
.
(7.15)
This means we have to calculate the non-vanishing contributions to the connec-
tion
Γ′A
′
B′C′ = g
′A′A′g′A′B′,C′
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of the full system
g′α′α′,C′ =
(
gα′δ′Γ
δ′
α′γ′ +Rx¯xα′α′;γ′ +Rx¯Bα′CΓ
B
xα′Γ
C
xγ′, Rx¯xα′α′,C′
)
g′A′A′,C′ = gA′B′
(
ΓˆB
′
A′γ′, Γ
B′
A′C′
)
≡
(
gA′B′
(
ΓB
′
xγ′
)
,A′
, gA′B′Γ
B′
A′C′
)
(7.16)
which involves the metric gα′δ′ of the transformed system. On the r.h.s. the
index C′ = (γ′, C ′) is written out explicitely using a row-vector notation. The
non-vanishing components of UA
′
B′C′ are:
UA
′
α′C′ = −gA
′A′

RA′xγ′α′ −RA′xD′α′Γ¯D′x¯γ′
RA′xC′α′

 . (7.17)
In these expressions we have made use of a covariant derivative in Rx¯xα′α′;γ′ which
is defined in the usual way using the connections given in equations (7.6), whilst
we have used the identities(
ΓAxγ
)
,C
=ΓACγ − ΓABCΓBxγ ≡ ΓˆACγ ,
Rx¯xαα,B =Rx¯Bαα − Rx¯CαBΓCxγ. (7.18)
With this it is easy to give the rewritten covariant derivative explicitly. As an
application we give here the kinetic terms of the supersymmetric lagrangean (2.1)
for the chiral fermions including covariantizations:
−LF =gα′α′ψ¯α
′
L
↔
D/ψα
′
L + gA′A′ ˆ¯χ
A′
L
↔
D/χˆA
′
L
−
[(
Rx¯xγ′α′,A′ + 2RA′xγ′α′ − 2RA′xD′α′Γ¯D
′
x¯γ′
)
∂µz¯
γ ′
+2RA′xC′α′Dµx¯
C′
]
ˆ¯χ
A′
L γ
µψα
′
L
+
[(
Rx¯xα′γ′,A′ + 2Rx¯A′α′γ′ − 2Rx¯A′α′D′ΓD′xγ′
)
∂µz
γ′
+2Rx¯A′α′C′Dµx
C′
]
ψ¯
α′
L γ
µχˆA
′
L
+
(
Rx¯xα′α′;γ′ +Rx¯B′α′C′Γ
B′
xα′Γ
C′
xγ′
)
∂µz
α′ ψ¯
α′
L γ
µψγ
′
L (7.19)
−
(
Rx¯xα′α′;γ′ +RB′xC′α′Γ¯
B′
x¯α′Γ¯
C′
x¯γ′
)
∂µz¯
α′ψ¯
γ′
L γ
µψα
′
L
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with the covariant derivatives defined in eq. (7.12) and
Dµψ
α′
L ≡ ∂µψα′K + Γα′β′γ′∂µzγ′ψβ
′
L
Dµχˆ
A′
L ≡ ∂µχˆA′L + ΓˆA′B′γ′∂µzγ′χˆB′L + ΓA′B′C′∂µxC′χˆB′L .
(7.20)
The four-fermion terms can be calculated by using eq. (A.11) in the appendix.
8 Geometry of matter in Grassmannian Models
The previous section was devoted to the question of how one could make the
metric of the combined system of matter and σ-model fields block diagonal. In
doing so we noticed, that these techniques can be applied to make all kinds of
functions of fields covariant under the isometries of the underlying σ-model. In
this section we show how these methods may work in practice with the example
discussed in section 3 of consistent Grassmann σ-models with the field content of
the standard model with one generation. Our starting point is the quadratically
coupled matter Ka¨hler potential (6.1). Using the results of section 7 we have
computed the connections (7.6)
Γ
(kc)
(ia)(jb) =− ηf 2
(
δcbδ
k
i (g˜Q¯)aj + δ
c
aδ
k
j (g˜Q¯)bi
)
,
ΓE(jb) =− eηf 2(Q¯g)jbE,
ΓkL(jb) =− ηf 2
(
l(Q¯g)bjL
k + δkj (Q¯gL)b
)
, (8.1)
ΓcD(jb) =− ηf 2
(
d(g˜Q¯)bjD
c + δcb(Dg˜Q¯)j
)
.
The connection for U is similar to the one for D, and the connections for the
Higgses H± are similar to the one for L. (In models with more generations, the
quark doublets Q′ have the same connection as the σ-model field Q.) To make a
distinction between indices referring the original σ-model fields Qia and matter
indices a and i, we write (ai) for the former ones. Notice that the normal gauge,
in which all connections vanish, coincides with the unitary gauge Q = 0. Because
of the global Uη(2, 3) invariance, the vacuum can always be studied in the normal
gauge by setting < Q >= 0. Using these connections, one obtains the covariant
chiral fermions by eq. (7.14), for example
eˆcL ≡ ec′L =ecL − eηf 2E trmQ¯gqL,
(8.2)
lˆiL ≡ li′L =liL − ηf 2
(
lLi trmQ¯gqL + (qLQ¯gL)
i
)
.
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Because we only consider quadratically coupled matter here, we have ΓAxα =
xBΓABα and Γ
A
BC = 0. For the same reason most of the curvatures of eq.(7.10) are
related; we find
R
(ia) (kc)
(bj) (dl) =− ηf 2
(
g
(ic)
σ (bj) g
(ka)
σ (dl) + g
(ka)
σ (bj) g
(ic)
σ (dl)
)
,
R
(bj)
E¯E (ia)
=− ηf 2eKEgjig˜ ba = −ηef 2KEg (bj)σ (ia)
R
(bj)
L¯L (ia)
=− ηf 2
(
lKLg
j
i + ([LL¯] g)
j
i
)
g˜ ba , (8.3)
R
(bj)
D¯D (ia)
=− ηf 2
(
dKDg˜
b
a + (g˜ [D¯D])
b
a
)
gji,
using the notation [LL¯], etc., of section 5. The metric G
(bj)
σ (ia) of the σ-model
fields Q and Q¯ in the presence of matter multiplets E,L,D, U becomes
G
(bj)
σ (ia) ≡ g (bj)σ (ia) +
∑
x
R
(bj)
x¯x (ia) = α (g ⊗ g˜ + gA⊗ g˜ + g ⊗ Bg˜)(bj)(ia) ,
(8.4)
using eq.(7.8) as well as the curvatures (8.3) with the short-hand notation
α =1− ηf 2∑
x
qxKx,
A =− ηf 2α−1
(
[LL¯] + [H+H¯+] + [H−H¯−]
)
, (8.5)
B =− ηf 2α−1
(
[D¯D] + [U¯U ]
)
.
Notice that in the unitary gauge Q = 0 the metric Gσ does not reduce to the
metric without matter coupling gσ evaluated at Q = 0. The inverse of this metric
can be written as infinite sum of tensor products
G−1σ = α
−1
∞∑
n=0
(1 + A)−n−1Ang−1 ⊗ g˜−1Bn(1 +B)−n−1. (8.6)
It turns out that it is very profitable to express other quantities using the covariant
objects defined in section 7 as well. First of all we find that the first order
derivative of the Ka¨hler potential simplifies to
K,A′ =
(
(g˜Q¯)(ai), E¯g
(E), (L¯g(L))i, (H¯
+g(H
±))i, (g˜
(D)D¯)a, (g˜
(U)U¯)a
)
.
(8.7)
The full metric in the transformed system is given by
G′ = diag
(
Gσ, g
(E), g(L), g(H
+), g(H
−), g˜(D), g˜(U)
)
, (8.8)
where Gσ is given by (8.4).
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9 Vacua of the Grassmannian standard model
Section 6 discussed a chiral anomaly-free Grassmannian model with the fermion
particle spectrum of the standard model. We now discuss the possible vacuum
configurations of this model. Grassmannian models with doubling have been
studied in a supergravity background [29], but the authors did not include su-
perpotential terms which can alter their claim that the fermion masses are of
the order of the gravitino mass. Using the geometrical results of section 8 we
can discuss the vacuum solutions of this model in an elegant and straightforward
fashion.
Before going into the details of the model we first observe that –barring
non-trivial topological effects [19]– the vacuum can always be chosen such that
〈Q〉 = 0. As the vacuum expectation values of Q and Q¯ are constants, they can
be set to zero by a global gauge transformation. Notice that 〈Q〉 = 0 is indeed a
vacuum solution, because in the scalar potential Q and Q¯ always appear together.
In the supergravity background the consistent model of Uη(2, 3)/U(2)×U(3)
with the chiral fermion content of the standard model should satisfy at least the
following requirements in order not contradict the standard model phenomenol-
ogy: the gauge group SU(3) × Uem(1) is unbroken, and the gauginos and the
complex scalar bosons should acquire masses above the scale of the gauge bosons
and the chiral fermions.
Here we analyze the restrictions resulting from the electroweak symmetry
breaking. The subgroup SU(3) × UY (1) × SU(2) is gauged and the generator
Qem =
1
2
Yw + I3 is unbroken. Therefore all singlets under SU(2) should vanish
in the vacuum; this holds in particular for the covariant superpotential W. Fur-
thermore we demand that B−L is a good symmetry, also below the electroweak
symmetry breaking scale. Only neutral parts of the Higgs SU(2) doublets may
acquire a vacuum expectation value
< H+ >=
(
0
H+0
)
, < H− >=
(
H−0
0
)
. (9.1)
The Killing potentials of the Y -charge and the weak-isospin
MY =− 6
ηf 2
+ 15
(
|H+0 |2 − |H−0 |2
)
,
(9.2)
MI3 =
1
2
(
|H−0 |2 − |H+0 |2
)
,
are the only Killing potentials which do not necessarily vanish. The non-vanishing
part of the scalar potential due to the D-terms is given by
VD =
1
2
g2YM2Y +
1
2
g22M2I3. (9.3)
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When only the standard model gauge group is gauged, the gauge couplings are
independend. We denote the U(1) gauge coupling constant by gY , the gauge
coupling constants for SU(2) and SU(3) by g2, g3. We observe, that there always
is a D-term supersymmetry and internal symmetry breaking, and the minimum
of the potential occurs at
|H+0 |2 − |H−0 |2 = −2MI3 =
15g2Y
(15gY )2 +
1
4
g22
(
6
ηf 2
)
(9.4)
in both cases (η = ±1). The other Killing potential takes the value
MY =
−1
4
g22
(15gY )2 +
1
4
g22
(
6
ηf 2
)
. (9.5)
In section 4 we discussed special requirements which have to be fulfilled in or-
der for <W >= 0 to be allowed. We investigate the consequences of these condi-
tions. We assume that the covariant superpotential can be written asW = wf 3W,
eq. (2.32). (In general this may be a sum of such products.) For the invariant
superpotential W one can take (6.4). For the compensating superpotential w
we can choose between two compensating superpotentials, see (6.2) where also
their charges can be found. Because of the strong restriction that the covariant
superpotential has to vanish in the vacuum, it follows that the gravitino mass
vanishes. Therefore soft supersymmetry breaking masses can only arise due to the
non-linear nature of the model. The minimal condition for which the covariant
superpotential may vanish is that
0 < − 1
ω
= − κ
2
qηf 2
. (9.6)
This requirement specifies which version of Uη(2, 3) one should use. The com-
pensating superpotential wE is relevant in the non-compact version (η = −1) as
the charge qE is positive, to incorporate proper electroweak symmetry breaking.
However the charge of wL− is negative, so it should be used in the compact ver-
sion (η = 1). When 0 < − 1
ω
≤ 1 the derivatives of the covariant superpotential
should vanish as well.
We will now analyse the different cases in more detail, starting with wE. In
the case that − 1
ω
> 1 the scalar potential is always at its minimum if eq. (9.4) is
satisfied, but tanβ is arbitrary. When 0 < − 1
ω
≤ 1 we find that in addition
α− µ|H+0 ||H−0 | = 0. (9.7)
From this equation together with (9.4) we get a prediction for the ratio of the
two VEVs of the Higgses
tan2 β ≡ |H
+
0 |2
|H−0 |2
=
√
M2I3 + (α/µ)2 −MI3√
M2I3 + (α/µ)2 +MI3
, (9.8)
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where MI3 is given by eq. (9.4).
Finally we consider the case of w = wL−. When 1 < − 1ω , the only restriction
on H±0 is eq. (9.4); tanβ remains undetermined. However when 0 < − 1ω ≤ 1, the
vanishing of the derivatives of the covariant superpotential demands that either
H−0 = 0 or eq. (9.7) is satisfied. There are two inequivalent vacua which both
break the electroweak symmetry. First of all
H−0 = 0, |H+0 |2 = −2MI3 =
15g2Y
(15gY )2 +
1
4
g22
(
6
ηf 2
)
, (9.9)
which gives the unacceptable result tan β =∞. The other vacuum solution leads
to a tanβ as given in eq. (9.8).
10 Conclusions
Effective field theory may serve as a powerful tool in the study of physics beyond
the standard model up to the intrinsic cut-off scale, which could be as large as
the Planck scale. If the theory is realized in a broken phase, the symmetries are
non-linear. For N = 1 supersymmetric theories this involves the study of Ka¨hler
manifolds. Ka¨hlerian coset models provide a class of interesting examples, but un-
fortunately in their simplest version these models are inconsistent. Until recently
the only known method to make these models consistent in a supersymmetric
way, was by doubling the spectrum by adding mirror chiral superfields. The
phenomenology of these doubling models is unsatisfactory as the fermions can
easily get masses of the cut-off scale. If a renormalizable supersymmetric field
theory is plagued by anomalies, one adds extra matter representations with the
appropriate quantum numbers. When matter is coupled to Ka¨hler models, this
can be done similarly if the charges of the matter superfields can be manipulated
freely. In ref. [16] we showed that it was possible to do this, and construct con-
sistent supersymmetric σ-models without resorting to mirror chiral superfields.
The crucial step is that one can couple a singlet to the Ka¨hler manifold using the
holomorphic functions Fi in which the Ka¨hler potential transforms. Once it was
understood how to couple a singlet with an arbitrary U(1) charge to the σ-model,
the door was open to change the charges of other matter representations as well
using rescaling of these matter fields by a non-trivial singlet.
In this article we have reviewed and extended these ideas. The Killing poten-
tials were used also to give a non-trivial example of a non-standard, non-minimal
gauge kinetic function. We have discussed in detail the coupling of Ka¨hler mod-
els with additional matter to supergravity. We showed that in supergravity the
rescaling of the matter fields is a consequence of their Weyl-weights and the co-
variance of the Ka¨hler potential. The compensating singlet of superconformal
gravity can be used to cancel the transformation of the Ka¨hler potential, before
reducing it to supergravity. This singlet is used to set the Weyl-weights of the
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matter fields to zero. Doing this introduces the same additional transformation
rules for the matter fields. Because of the transformation properties of the com-
pensating singlet in supergravity, the superpotential has to be covariant as well.
Using this covariant superpotential one can construct an invariant Ka¨hler poten-
tial. With the auxiliary fields of the gauge multiplets coupling to the scalars via
the Killing potentials we obtain additional contributions to the scalar potential.
The study of the vacuum configurations of these models implies that either the
Ka¨hler U(1) isometry is broken or additional requirements have to be satisfied.
Either there is a relation between the cut-off scale f−1, the Planck scale and
the transformation properties of the covariant superpotential or there are more
requirements on the VEVs of the scalar fields. Another consequence is that the
gravitino mass vanishes in the case of an unbroken Ka¨hler U(1).
The consistent system of σ-model and matter superfields can become quite
complicated. In particular the various irreducible representations have mixed ki-
netic terms as the metric is not block diagonal. By applying a non-holomorphic
transformation on covariant objects, like chiral fermions of the full model and
derivatives of the scalars, it is possible to block-diagonalize the metric. This
transformation also turns non-covariant objects, like the chiral fermions belong-
ing to the matter sectors, into covariant ones. This method is explained in section
7 and the geometrical background can be found in the appendix. The automatic
covarantizations are convenient consequences of this method, but other calcula-
tions are simplified as well.
All these different aspects are illustrated by the example of Grassmannian
coset models Uη(m,n)/U(m) × U(n). The properties of matter coupling to
Grassmannian Ka¨hler manifolds are described by using left- and right-covariant
real composite superfields. This offers many different ways to construct non-
equivalent invariant Ka¨hler potentials for the matter fields. The algebra of isome-
tries of the σ-models is discussed in detail, identifying the Ka¨hler U(1) charge
and a central charge.
At the classical level the isometries can be gauged by a straightforward pro-
cedure. Non-standard non-minimal kinetic terms for the gauge fields were con-
structed, but supersymmetry requires them to be accompanied by higher-deriv-
ative terms involving the components of the physical scalar supermultiplets. Some
of these terms disappear in the broken phase of local gauge symmetries, in which
case the U(1)-coupling constant is renormalized w.r.t. the remaining part of the
gauge group.
As a practical illustration of the cancellation of the anomalies in a Grass-
mannian coset models, we discussed a model of the standard model where the
superpartner of the quark-doublet is interpreted as the coordinates of the coset
Uη(2, 3)/U(2)× U(3). We showed how on this Ka¨hler manifold matter represen-
tations could be added in such a way that the chiral fermion sector of the model
coincides with the standard model. As the covariant superpotential plays an im-
portant role in supergravity, the construction of the superpotential was discussed
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in some detail. The power of the non-holomorphic transformation on covariant
objects was illustrated for the calculation of the metric and first derivative of
the Ka¨hler potential; we obtained the expressions for the covariant chiral matter
fermions in this way. We showed that in supergravity the Grassmannian ver-
sion of the standard model leads to phenomenologically acceptable results only
in very specific cases. The compensating superpotential is either wL− or wE , see
eqs. (6.2). The former leads to two inequivalent vacua, of which only one is
acceptable, as in the other case one of the two Higgses has a vanishing VEV. The
covariant superpotential wE also gives rise to an acceptable vacuum, but with a
different value for tanβ.
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A Appendix: Geometry of Ka¨hler manifolds
In section 2 we review the structure of N = 1 supersymmetric models in 4 dimen-
sions and come across various geometrical objects like the metric, connection and
curvature. These geometrical objects are used there as convenient short-hand to
write the lagrangean in a compact form. They have very specific functions in the
supersymmetric lagrangean: the kinetic energy of the scalars and the fermions
are described by the metric. The Dirac operator that acts on the chiral fermions
involved the connection and the four-fermion interactions couple via the curva-
ture after the auxiliary fields are removed, see eq.(2.1). Section 7 discusses a few
of these applications like how to define fermions in chiral matter multiplets in or-
der that they transform covariantly and how to make the metric block diagonal.
In this appendix we look at these objects from a geometrical point of view but
keeping physical applications in mind. We consider a Ka¨hler manifold described
(locally) by a Ka¨hler potential K(Z¯, Z) and treat the superpartners ψAL of ZA
in exactly the same way as covariant fields that live on this Ka¨hler manifold.
Various transformations that can act on covariant fields are studied in this ap-
pendix. In section 7 these transformations are used to cast the supersymmetric
lagrangean involving matter multiplets into a form depending only on physical
covariant fields.
Since a Ka¨hler manifold is complex, the coordinate transformations preserving
the complex structure are holomorphic
ZA −→ Z ′A′ = RA′(Z), Z¯A −→ Z¯ ′A′ = R¯A′(Z¯). (A.1)
Any object V A (and its conjugate V¯ A) transforming as
V A −→ V ′A′ = XA′A (Z)V A, V¯ A −→ V¯ ′A
′
= X¯
A′
A (Z¯)V¯
A (A.2)
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under the holomorphic coordinate transformations with
XA
′
A (Z) = RA
′
,A(Z), X¯
A′
A (Z) = R¯A
′
,A(Z) (A.3)
is called a covariant vector of the Ka¨hler manifold. In the context of supersym-
metric σ-models many covariant vectors are encountered, to name a few: the
derivatives ∂µZ
A, the differentials dZA and the superpartners ψAL of Z
A.
The coordinate transformations (A.1) generally do not leave the metric of
the Ka¨hler manifold invariant, only the S-matrix of the field theory described
by these coordinates. The coordinate transformations that do leave the metric
invariant are called isometries.
On the covariant vectors the transformation rules (A.2) we can consider more
general transformations
V A −→ V ′A′ = XA′A (Z¯, Z)V A, (A.4)
where XA
′
A (Z¯, Z) are possibly non-holomorphic functions. This type of transfor-
mations can be used to make the physical content of a field theory more trans-
parent, as is illustrated in section 7. The first thing to note is that these transfor-
mations can not be generated by non-holomorphic coordinates transformations
because they would introduce terms involving V¯ A in eq.(A.4) too. Therefore the
transformations (A.4) can only be defined on the level of covariant vectors and
geometrical objects like the metric: V ′A
′
is nothing but a short-hand for the ex-
pression XA
′
A (Z¯, Z)V
A for the covariant vector V A. In the following we study
how the transformations (A.4) change the appearance of formulae involving the
metric, connection and curvature.
If we demand that the metric defines an invariant inner product for covariant
vectors, it must transform as
gAA −→ g′A′A′ = X¯ AA′X AA′gAA (A.5)
where X AA′ (Z¯, Z) is the inverse of X
A′
A (Z¯, Z).
A word about our notation is in order here: let AA be any object with one
index down, not necessarily a vector; it may be a function of covariant vectors and
derivatives. Applying (A.4) to all covariant vectors transforms AA into A
′
A′ . One
can also just contract AA with the matrix X
A
A′ this is denoted by AA′ = X
A
A′AA.
In the case of covariant vectors and the metric g′A′A′ = gA′A′ these two definitions
coincide but this is not true in general. (When there is no confusion possible, like
with covariant vectors or the metric, we drop the prime on the symbol itself.)
The prime example where this is not the case is the connection
ΓABC −→ Γ′A
′
B′C′ = Γ
A′
B′C′ + U
A′
B′C′ + g
A′B′U¯
A′
B′C′
gA′B′
Γ¯
A
BC −→ Γ¯′A
′
B′C′ = Γ¯
A′
B′C′ + U¯
A′
B′C′ + g
B′A′UA
′
B′C′gB′A′
(A.6)
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with
UA
′
B′C′ = X
A′
A X
A
B′,CX
C
C′, U¯
A′
B′C′
= X¯
A′
A X
A
B′,CX
C
C′
,
UA
′
B′C′ = X
A′
A X
A
B′,CX
C
C′
, U¯
A′
B′C′
= X¯
A′
A X¯
A
B′,CX
C
C′.
(A.7)
Notice that the third term in equations (A.6) vanishes if the transformations are
holomorphic. Here we see clearly that the connection is not a tensor even in
the case of holomorphic transformations. But this exactly enables us to define
a covariant derivative Dµ for covariant vectors DµV A ≡ ∂µV A + ΓACB∂µZBV C.
However it is only covariant under holomorphic transformations but not under
eq.(A.4); indeed
(DµV )′A
′
= DµV A′ + gA′B′U¯A
′
B′B′
gA′C′∂µZ
B′V C
′ − UA′C′B′∂µZ¯B
′
V C
′
.
(A.8)
The second term on the r.h.s. follows from eq.(A.6) and the third compensates
for the fact that the ordinary derivative ∂µ within Dµ can hit the transformation
matrix XA
′
A which may also depend on Z¯
A. The first term on the r.h.s. is of the
same form as what one would get if the transformations (A.4) are holomorphic.
The last two terms involve U and U¯ ’s with mixed indices indicating the non-
holomorphic nature of (A.4).
Finally we investigate how the transformations (A.4) influence the curvature.
The calculation follows the same line as above, but now it is really convenient
to separate terms which do not have mixed transformations involving U and U¯ .
With this separation one can identify which terms behave as if the transforma-
tions (A.4) are holomorphic. We call these terms holomorphic and indicate them
with a superscript H . The remaining terms have U ’s and U¯ ’s with mixed indices.
They are called non-holomorphic and are indicated by a superscript N .
As the curvature is a tensor under holomorphic transformations, the holo-
morphic part RH also transforms as a tensor under (A.4). By identifying the
holomorphic and non-holomorphic parts we find
R′A′A′B′B′ = R
H
A′A′B′B′ + g
N
A′A′,B′B′ − gHA′C′,B′gC′C′gNC′A′,B′+
−gNA′C′,B′gC′C′gHC′A′,B′ + gNA′C′,B′gC′C′gNC′A′,B′. (A.9)
As we already know how the holomorphic part of the curvature transforms, we
only have to consider the terms with non-holomorphic transformations. In these
terms replace the remaining holomorphic like parts gHA′C′,B′ by (g
′ − gN)A′C′,B′.
In section 7 we are not so much interested in the transformed curvature itself,
but more in having a simple way to write expressions involving the curvature,
like the four-fermion terms. Therefore we write
R′A′A′B′B′ = Rˆ
′
A′A′B′B′ + g
′
A′A′,C′U¯
C′
B′B′ (A.10)
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and notice that the second term depend on the order of the indices B′ and B′ and
where the first is given by
Rˆ′A′A′B′B′ =RA′A′B′B′ + gD′A′W¯
D′
A′B′B′ + gA′D′W
D′
A′B′B′
+ gA′D′U
D′
C′B′g
C′C′U¯
D′
C′B′
gD′A′ − U¯D
′
A′B′
gD′D′U
D′
A′B′ (A.11)
− gA′D′
(
−Γ′D′E ′B′UE
′
A′B′ + U
D′
E ′B′Γ
′E
′
A′B′ + U
D′
E ′B′U
E ′
A′B′
)
− gD′A′
(
−Γ¯′D′E ′B′U¯E
′
A′B′
+ U¯
D′
E ′B′
Γ¯′
E ′
A′B′ + U¯
D′
E ′B′
U¯
E ′
A′B′
)
.
Here W is defined as
WD
′
A′B′B′ = X
D′
D X
D
A′,BB X¯
B
B′
XBB′ (A.12)
and similarly for W¯ .
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